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Abstract 

In a previous paper, the third author used embedded contact ho- 
mology (ECH) of contact three-manifolds to define "ECH capacities" 
of four-dimensional symplectic manifolds. In the present paper we 
prove that for a four-dimensional Liouville domain with all ECH ca- 
pacities finite, the asymptotics of the ECH capacities recover the sym- 
plectic volume. This follows from a more general theorem relating the 
volume of a contact three-manifold to the asymptotics of the amount 
of symplectic action needed to represent certain classes in ECH. The 
latter theorem was used by the first and third authors to show that ev- 
ery contact form on a closed three-manifold has at least two embedded 
Reeb orbits. 

1 Introduction 

Define a four-dimensional Liouville domair^ to be a compact symplectic four- 
manifold {X, u) with oriented boundary Y such that u is exact on X, and 
there exists a contact form A on F with dX = u\y- In [5], a sequence of real 
numbers 

= co(X, < ci{X,u) < C2{X,u) < ■ ■ ■ < oo 

called ECH capacities was defined. The definition is reviewed below in §1.21 
The ECH capacities obstruct symplectic embeddings: If {X, co) symplecti- 
cally embeds into {X',u'), then 

Ck{X,co) <CkiX',cu') (1) 



*Thc first author was partially supported by NSF grant DMS-0838703. The second 
and third authors were partially supported by NSF grant DMS-1105820. 

^This definition of "Liouville domain" is slightly weaker than the usual definition, which 
would require that uj have a primitive A on X which restricts to a contact form on Y. 
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for all k. For example, a theorem of McDuff [13], see also the survey [B], shows 
that ECH capacities give a sharp obstruction to symplectically embedding 
one four-dimensional ellipsoid into another. 

The first goal of this paper is to prove the following theorem, relating the 
asymptotics of the ECH capacities to volume. This result was conjectured in 
[S] based on experimental evidence; it was proved in [SI §8] for star-shaped 
domains in and some other examples. 

Theorem 1.1. /3| Conj. 1.12] Let (X, w) he a four- dimensional Liouville 
domain such that Cfc(X, w) < oo for all k. Then 

lim^^^4^ = 4vol(X,a;). 

k-¥oo k 

Here the symplectic volume is defined by 

1 f 

vol(X, co) = - / u Au. 
^ Jx 

In particular, when all ECH capacities are finite, the embedding ob- 
struction ([1]) for large k recovers the obvious volume constraint vo\{X,u) < 
vol(X',a;'). As we review below, the hypothesis that Ck{X,u) < oo for all k 
is a purely topological condition on the contact structure on the boundary; 
for example it holds whenever X is a star-shaped domain in M^. 

We will obtain Theorem II. li as a corollary of the more general Theorem 1 1.3 1 
below, which also has applications to refinements of the Weinstein conjecture 
in Corollary 11.41 To state Theorem 11.31 we first need to review some notions 
from embedded contact homology (ECH). More details about ECH may be 
found in [3] and the references therein. 

1.1 Embedded contact homology 

Let y be a closed oriented three- manifold and let A be a contact form on Y, 
meaning that X AdX > 0. The contact form A determines a contact structure 
= Ker(A), and the Reeb vector field R characterized by dX{R,-) = 
and X{R) = 1. Assume that A is nondegenerate, meaning that all Reeb 
orbits are nondegenerate. Fix F e Hi{Y). The embedded contact homology 
ECH{Y, ^, F) is the homology of a chain complex over Z/2 defined as follows. 

A generator of the chain complex is a finite set of pairs a = {(aj,mj)} 
where the are distinct embedded Reeb orbits, the rui are positive in- 
tegers, rrii = 1 whenever is hyperbolic, and the total homology class 
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^•mj[a;j] = F G Hi{Y). To define the chain complex differential d one 
chooses a generic almost complex structure J on M x y such that J{ds) = R 
where s denotes the R coordinate, J{^) = ^ with dX{v, Jv) > for t> G ^, 
and J is M- invariant. Given another chain complex generator /3 = %)}, 
the differential coefficient {da,P) G Z/2 is a mod 2 count of J-holomorphic 
curves in M x F that converge as currents to Yli ^iCa as s — t- +oo and to 
Ylj^jPj s — 7- — oo, and that have "ECH index" equal to 1. The defini- 
tion of the ECH index is explained in [2j; all we need to know here is that 
the ECH index defines a relative Z/rf- grading on the chain complex, where 
d denotes the divisibility of ci(^) + 2PD(r) in H'^{Y;Z) mod torsion. It is 
shown in [HI §7] that 9^ = 0. 

One now defines ECH{Y, A, F, J) to be the homology of the chain complex 
ECC{Y, A, F, J). Taubes fl6\ proved that if Y is connected, then there is a 
canonical isomorphism of relatively graded Z/2-modules 

ECH,{Y,x,r,j) = hm'\y, 5^ + pi){r)). (2) 

Here HM denotes the 'from' version of Seiberg-Witten Floer cohomology as 
defined by Kronheimer-Mrowka [12], with Z/2 coefficient^, and denotes 
the spin-c structure determined by the oriented 2-plane field ^, see e.g. [H 
Ex. 8.2]. It follows that, whether or not Y is connected, ECH{Y, X,r, J) 
depends only on Y, ^, and F, and so can be denoted by ECH^,{Y, ^, F). 
There is a degree —2 map 

U : ECH,{Y, F) ECH,^2iY, ^, F). (3) 

This map on homology is induced by a chain map which counts J-holomorphic 
curves with ECH index 2 that pass through a base point in M x F. When Y 
is connected, the U map ([3]) does not depend on the choice of base point, and 
agrees under Taubes's isomorphism ([2]) with an analogous map on Seiberg- 
Witten Floer cohomology [19] . If y is disconnected, then there is one U map 
for each component of Y. 

Although ECH is a topological invariant by ([2]), it contains a distinguished 
class which can distinguish some contact structures. Namely, the empty set 
of Reeb orbits is a generator of ECC{Y, A, 0, J); it is a cycle by the conditions 
on J, and so it defines a distinguished class 

meECH{Y,^,0), (4) 

^One can define ECH with integer coefficients [21 §9], and the isomorphism ([2]) also 
exists over Z, as shown in [18]. However Z/2 coefficients wih suffice for this paper. 
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called the ECH contact invariant. Under the isomorphism (|2]), the ECH con- 
tact invariant agrees with an analogous contact invariant in Seiberg-Witten 
Floer cohomology [19] . 

There is also a "filtered" version of ECH, which is sensitive to the contact 
form and not just the contact structure. If a = {(aj,mj)} is a generator of 
the chain complex ECC{Y, A, F, J), its symplectic action is defined by 



It follows from the conditions on the almost complex structure J that if the 
differential coefficient {da, (3) 7^ then A{a) > A{f3). Consequently, for 
each L G M, the span of those generators a with A{a) < L is a subcomplex, 
which is denoted by ECC^(Y, \,T, J). The homology of this subcomplex 
is the filtered ECH which is denoted by ECH^{Y, X,r). Inclusion of chain 
complexes induces a map 



It is shown in [IH Thm. 1.3] that ECH^{Y,X,r) and the map ([6]) do not 
depend on the almost complex structure J. 

A useful way to extract invariants of the contact form out of filtered ECH 
is as follows. Given a nonzero class a G ECH{Y,C,,T), define 



to be the infimum over L such that the class a is in the image of the inclusion- 
induced map ([HD. So far we have been assuming that the contact form A is 
nondegenerate. If A is degenerate, one defines Ca{Y, X) = hm„_^oo C(7(^, A„), 
where {A„} is a sequence of nondegenerate contact forms which C^-converges 
to A, cf. [51 §3.1]. 

1.2 ECH capacities 

Let {Y, A) be a closed contact three-manifold and assume that the ECH con- 
tact invariant (jlj) is nonzero. Given a nonnegative integer k, define Ck{Y,X) 
to be the minimum of Ccr{Y, A), where a ranges over classes in ECH{Y, ^, 0) 
such that Aa = [0] whenever A is a composition of k of the U maps associ- 
ated to the components of F. If no such class a exists, define Ck(Y, A) = 00. 
The sequence {ck{Y, A)}fc=o,i,... is called the ECH spectrum of {Y, A). 




(5) 




(6) 



c^(F,A) G M 
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Now let {X, u) be a Liouville domain with boundary Y and let A be a 
contact form on Y with dX = uj\y- One then defines the ECH capacities of 
(X, u) in terms of the ECH spectrum of {Y, A) by 

Ck{X,uj) = Ck{Y, A). 

This definition is valid because the ECH contact invariant of {Y, A) is nonzero 
by [ll, Thm. 1.9]. It follows from |5l Lem. 3.9] that Ck{X, u) does not depend 
on the choice of contact form A on y with dX = u\y- 

Theorem 11.11 is now a consequence of the following result about the ECH 
spectrum: 

Theorem 1.2. J5l, Conj. 8.1] Let {Y,X) he a closed contact three-manifold 
with nonzero ECH contact invariant. If Ck{Y, A) < oo for all k, then 

lim ^h^Xl^ = 2vo\{Y,X). 

fc— >-oo k 

Here the contact volume is defined by 

vol(F, A) = J XAdX. (7) 

Note that the hypothesis Ck{Y, A) < oo just means that the ECH contact 
invariant is in the image of all powers of the U map when Y is connected, 
or all compositions of powers of the U maps when Y is disconnected. The 
comparison with Seiberg-Witten theory implies that this is possible only if 
ci(0 e H'^{Y;Z) is torsion; see p, Rem. 4.4(b)]. 

By O Prop. 8.4], to prove Theorem 11.21 it suffices to consider the case 
when Y is connected. Theorem 1 1.2 1 in this case follows from our main theorem 
which we now state. 



1.3 The main theorem 

Recall from gOthat if Ci(0+2 PD(r) G H^{Y; Z) is torsion, then ECH{Y, ^, T) 
has a relative Z-grading, and we can arbitrarily refine this to an absolute Z- 
grading. The main theorem is now: 

Theorem 1.3. fF, Conj. 8.7] Let Y be a closed connected contact three- 
manifold with a contact form X and let T G Hi{Y). Suppose that Ci(^) + 
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2 PD(r) is torsion in H^{Y; Z), and let I be an absolute Z-grading of ECH(Y, ^, F). 
Let {ak}k>i be a sequence of nonzero homogeneous classes in ECH{Y,^,r) 
with limfc_>oo -^(cTfc) = oo. Then 

The following application of Theorem 11.31 was obtained in [Ij: 

Corollary 1.4. /i, Thm. 1.1] Every (possibly degenerate) contact form on 
a closed three-manifold has at least two embedded Reeb orbits. 

The proof of Theorem 11.31 has two parts. In ^ we show that the left 
hand side of ([8]) (with lim replaced by lim sup) is less than or equal to the 
right hand side. This is actually all that is needed for Corollary 11.41 In §3] 
we show that the left hand side (with lim replaced by lim inf) is greater than 
or equal to the right hand side. The two arguments are independent of each 
other and can be read in either order. The proof of the upper bound uses 
ingredients from Taubes's proof of the isomorphism ([2]). The proof of the 
lower bound uses properties of ECH cobordism maps to reduce to the case 
of a sphere, where (E]) can be checked explicitly. 



2 The upper bound 

In this section we prove the upper bound half of Theorem 11.31 
Proposition 2.1. Under the assumptions of Theorem \1.3\ 

lim sup < vol(r, A) . (9) 

To prove Proposition 12.11 we can assume without loss of generality that 
A is nondegenerate. To see this, assume that ([9]) holds for nondegenerate 
contact forms and suppose that A is degenerate. We can find a sequence 
of functions /i > /2 > ■ ■ ■ > 1, which C°-converges to 1, such that /^A is 
nondegenerate for each n. It follows from the monotonicity property in [5l 
Lem. 4.2] that 

c.,(F,A)<c.,(F,/„A) 
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for every n and k. For each n, it follows from this and the inequality ([2]) for 
A„ that 

hmsup ^'^^/.^'^^' <vol(y,/„A). 

Since lim„_>.oo vol(y, /„A) = vol(F, A), we deduce the inequality dHI) for A. 

Assume henceforth that A is nondegenerate. In §2.1| - §2.6l below we review 
some aspects of Taubes's proof of the isomorphism (|2]) and prove some related 
lemmas. In §2.71 we use these to prove Proposition 12.11 

2.1 Seiberg-Witten Floer cohomology 

The proof of the isomorphism (|2]) involves perturbing the Seiberg-Witten 
equations on F. To write down the Seiberg-Witten equations we first need 
to choose a Riemannian metric on Y . Let J be a generic almost complex 
structure on M x F as needed to define the ECH chain complex. The almost 
complex structure J determines a Riemannian metric g owY such that the 
Reeb vector field R has length 1 and is orthogonal to the contact planes ^, 
and ^ 

g{v,w) = -d\{v,Jw), v.weiy. (10) 

Note that this metric satisfies 

|A| = 1, *d\ = 2\. (11) 

One could dispense with the factors of 2 in ffTOj) and ffTTl) , but we are keeping 
them for consistency with [1] and its sequels. 

Let S denote the spin bundle for the spin-c structure + PD(r). The 
inputs to the Seiberg-Witten equations for this spin-c structure are a connec- 
tion A on det(S) and a section ijj of S. The spin bundle S splits as a direct 
sum 

§ = ^© (^®0, 

where E and E ® ^ are, respectively, the +i and —i eigenspaces of Clifford 
multiplication by A. Here ^ is regarded as a complex line bundle using the 
metric and the orientation. A connection A on det(S) is then equivalent to 
a (Hermitian) connection A oti E via the relation A = + lA, where Aq is 
a distinguished connection on ^ reviewed in [HI §2.1]. 
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For a positive real number r, consider the following version of the per- 
turbed Seiberg-Witten equations for a connection A on E and spinor ip: 

*Fa = r{{cl{-)i),^) - iX) + i{*d^ + u) 

Here cl denotes Clifford multiplcation, Co denotes the harmonic 1-form such 
that *u/7i represents the image of ci(^) in H'^(Y;M), and /i is a generic 
coclosed 1-form that is L^-orthogonal to the space of harmonic 1-forms and 
that has "P-norm" less than 1, see [TU §2.1]. 

The group of gauge transformations C°°(Y, S^) acts on the space of pairs 
(A,'?/') by g ■ (A, -0) = (A — 2g~^dg, gip). The quotient of the space of pairs 
(A, tp) by the group of gauge transformations is called the configuration space. 
The set of solutions to f|T2|) is invariant under gauge transformations. A 
solution to the Seiberg-Witten equations is called reducible ii ip = and 
irreducible otherwise. An irreducible solution is called nondegenerate if it is 
cut out transversely after modding out by gauge transformations, see [HI 
§3.1]. 

For fixed /x, when r is not in a certain discrete set, there are only finitely 
many irreducible solutions to ( !T2|) and these are all nondegenerate. In this 
case one can define the Seiberg-Witten Floer cohomology chain complex with 
Z/2 coefficients, which we denote by CM (Y, s^r, ^, J, f)- The chain complex 
is generated by irreducible solutions to ffT^ . along with additional generators 
determined by the reducible solutions. The differential counts solutions to 
a small abstract perturbation of the four-dimensional Seiberg-Witten equa- 
tions on M X y. In principle the chain complex differential may depend on 
the choice of abstract perturbation, but since the abstract perturbation is 
irrelevant to the proof of Proposition 12. 1^ we will omit it from the notation. 



2.2 The grading 

The chain complex CM has a noncanonical absolute Z- grading defined as 
follows. The linearization of the equations f ll2p modulo gauge equivalence at 
a pair {A, ip), not necessarily solving the equations ( IT^ . defines a self-adjoint 
Fredholm operator Ca,iP- If {A, ip) is a nondegenerate irreducible solution to 
f lT2|) . then the operator £a,i/) has trivial kernel, and one defines the grading 
gr{A,%lj) G Z to be the spectral fiow from Ca,-^ to a reference self-adjoint 
Fredholm operator Cq between the same spaces with trivial kernel. The 
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grading function gr depends on the choice of reference operator; fix one below. 
To describe the gradings of the remaining generators, recall that the set of 
reducible solutions modulo gauge equivalence is a torus T of dimension bi{Y). 
As explained in |T2l §35.1], one can perturb the Seiberg-Witten equations 
using a Morse function 

/ : T ^ M, (13) 

so that the chain complex generators arising from reducibles are identified 
with pairs {{A, 0), 0), where {A, 0) is a critical point of / and is a suitable 
eigenfunction of the Dirac operator Da- The grading of each such generator 
is less than or equal to 5^(^4,0), where the latter is defined as the spectral 
flow to Cq from an appropriate perturbation of the operator Ca,o- 

We will need the following key result of Taubes relating the grading to 
the Chern-Simons functional. Fix a reference connection Ae on E. Given 
any other connection A on E, define the Chern-Simons functional 

csiA) = - J^(A-Ae)A (Fa + Fa^ - 2i*u). (14) 

Note that this functional is gauge invariant because the spin-c structure 
+ PD(r) is assumed torsion. 

Proposition 2.2. /i^, Prop. 5.1] There exists K > such that for all r 
sufficiently large, if {A,ip) is a nondegenerate irreducible solution to (|T2l) . or 
a reducible solution which is a critical point of f[T3l) . then 



gr{A,i,) + ^cs{A) 



< Kr^^l^^. (15) 



2.3 Energy 

Given a connection A on E, define the energy 



E[A) = i j \AFa. 



Filtered ECH has a Seiberg-Witten analogue defined using the energy func- 
tional as follows. Given a real number L, define CM to be the submodule 
of CM spanned by generators with energy less than 2ttL. It is shown in 
|14j . as reviewed in [TH Lem. 2.3], that if r is sufficiently large, then all chain 
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complex generators with energy less than 27rL are irreducible, and CM^ is 
a subcomplex, whose homology we denote by HM j^. Moreover, as shown in 
[H] and reviewed in [TT| Eq.(3.3)], if there are no ECH generators of action 
exactly L and if r is sufficiently large, then there is a canonical isomorphism 
of relatively graded chain complexes 

ECC^{Y,\V,J)^cK^C{Y,5^^rAi.Ji.r). (16) 

Here (Ai, Ji) is an "L-flat approximation" to (A, J), which is obtained by 
suitably modifying (A, J) near the Reeb orbits of action less than L; the 
precise definition is reviewed in [iTl §3.1] and will not be needed here. 

The isomorphism f|16| ) is induced by a bijection on generators; the idea is 
that in the L-fiat casqj, if r is sufficiently large, then for every ECH generator 
a of action less than L, there is a corresponding irreducible solution [A, ip) 
to ( IT2|) such that the zero set of the E component of ip is close to the Reeb 
orbits in a, the curvature Fa is concentrated near these Reeb orbits, and the 
energy of this solution is approximately 27r^(a). 

The isomorphism of chain complexes fll6p induces an isomorphism on 
homology 

ECH^{Y, A, r, J) ^ HMl\Y,5^^r, Ai, Ji, r), (17) 
and inclusion of chain complexes defines a map 

™r(>^,5g,r,Ai, Ji,r) ^i?M"*(r,55,r). (18) 
Composing the above two maps gives a map 

ECH!:{Y,\T,J) ^ i?M~*(r,55,r). (19) 
The isomorphism ([2]) is the direct limit over L of the maps f[T^ . 

2.4 Volume in Seiberg-Witten theory 

The volume enters into the proof of Proposition 12.11 in two essential ways. 

•^In the non- L-flat case, there may be several Seiberg-Witten solutions corresponding to 
the same ECH generator, and/or Seiberg-Witten solutions corresponding to sets of Reeb 
orbits with multiplicities which are not ECH generators because they include hyperbolic 
orbits with multiplicity greater than one. 
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The first way is as follows. It is shown in [U §3] that for any given grading, 
there are no generators arising from reducibles if r is sufficiently large. That 
is, given an integer j, let sj be the supremum of all values of r such that 
there exists a chain complex generator with grading at least —j associated 
to a reducible solution to f|T2|) . Then sj < oo for all j. 

We now give an upper bound on the number Sj in terms of the volume. 
Fix < 6 < j^. Given a positive integer j, let Vj be the largest real number 
such that 

j = ^rJvol(r,A)-r|-^ (20) 
Lemma 2.3. If j is sufficiently large, then Sj < rj. 

Proof. Observe that (A^^'^^ip) = {Ae — ^irX + i/z, 0) is a solution to (fT2|) . 
Moreover, every other reducible solution is given by {A, 0), where A = Al'^'^ + 
a for a closed 1-form a. It follows from ( !T4l) that 

cs{A) = csiAl'"^) = vol(y. A) + 0(r). (21) 

Now suppose that j is sufficiently large that Proposition 12.21 is applicable to 
r = Vj, fix r > Vj, and suppose that 5^(^4,0) > —j. Then equation ( l2Ti) 
contradicts Proposition 12.21 if r is sufficiently large, which is the case if j is 
sufficiently large. □ 

The second essential way that volume enters into the proof of Proposi- 
tion 12.11 is via the following a priori upper bound on the energy: 

Lemma 2.4. There is an r -independent constant C such that any solution 
{A,i)) to satisfies 

S{A)<'-Yo\iY,\) + C. (22) 

Proof. This follows from yL4, Eq. (2.7)], which is proved using a priori es- 
timates on solutions to the Seiberg-Witten equations. Note that there is a 
factor of 1/2 in fl22|) which is not present in [14, Eq. (2.7)]. The reason is 
that the latter uses the Riemannian volume as defined by the metric f|TT]) . 
which is half of the contact volume ([7]) which we are using. □ 
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2.5 Max-min families 

Given a connection A on E and a section ijj of S, define a functional 



Since tlie spin-c structure + PD(r) is assumed torsion, the functional J-" is 
gauge invariant. The significance of the functional J-" is that the differential 
on the chain complex CM counts solutions to abstract perturbations of 
the upward gradient flow equation for J-". In particular, J-" agrees with an 
appropriately perturbed version of the Chern-Simons-Dirac functional from 
[12] . up to addition of an r-dependent constant, see [11], Eq. (7.2)]. 

A key step in Taubes's proof of the Weinstein conjecture [H] is to use 
a "minimax" approach to find a sequence (r„, y4„), where r„ — !■ oo and 
{ipn, ^n) is a solution to (IT^ for r = with an n-independent bound on the 
energy. We will use a similar construction in the proof of Proposition 12.11 

Specifically, fix an integer j, and let Sj be the number from §2.2[ Let 
a G HM (y, 5^ y) be a nonzero homogeneous class with grading greater than 
or equal to —j. Fix r > Sj for which the chain complex CM (F, s^^r? ^i J-, ^) is 
defined. Since we are using Z/2-coefficients, any cycle representing the class 
a has the form r] = Ej(Aj, ■?/'«), where the pairs (Aijipi) are distinct gauge 
equivalence classes of solutions to (fT2l) . Define J-min(^) = min, ^^(Aj, ■?/',), 
and J-'a{i^) = ^d.xi^ri]=a J^miniv) ■ Note that J^aij) must be finite because there 
are only finitely many irreducible solutions to f[T^ . 

The construction in [161 §4.e] shows that for any such class o", there exists 
a piecewise smooth, possibly discontinuous family of solutions (^^-(r), ipair)) 
to f|T2l) of the same grading as a defined for r > Sj such that J^5-(r) = 
J^{A^{r)^%l)^{r)). Call the family [A^{r),ip^{r))r>s a max-min family ioi a. 
Given such a max-min family, define i^6-(r) = £{A(^{r),il)(f{r)). 

Lemma 2.5. (a) J^ai^) is a continuous and piecewise smooth function of 
r e {sj, oo). 




where 




(b) ^Mr) = -l^r). 



12 



Proof, (a) follows from [TF, Prop. 4.7], and (b) follows from [HI Eq. (4.6)]. □ 

In particular, Sa{r) does not depend on the choice of max-min family, except 
for a discrete set of real numbers r. 

2.6 Max-min energy and min-max symplectic action 

The numbers S^{r) from §2.51 are related to the numbers Cf^{Y, A) from §1.21 
as follows: 

Proposition 2.6. Let a be a nonzero homogeneous class in ECH{Y,^,r), 

and let b G HM (F, s^^r) denote the class corresponding to a under the 
isomorphism ([2]). Then 

lim £a{r) = 2'kc^(Y,X). 

r— >oo 

The proof of Proposition 12.61 requires two preliminary lemmas which will 
also be needed later. To state the first lemma, recall from [TF, Prop. 2.8] that 
in the case F = 0, if r is sufficiently large then there is a unique (up to gauge 
equivalence) "trivial" solution (Atrivy'iptriv) to f|T2|) such that 1 — IV'I < 1/2 
on all of Y. If (A, J) is L-flat with L > 0, then {Atriv,'iptriv) corresponds to 
the empty set of Reeb orbits under the isomorphism f|T6|) with F = 0, see 
the beginning of [171 §3]. Any solution not gauge equivalent to {Atriv,i'triv) 
will be called "nontrivial" . Let Lq denote one half the minimum symplectic 
action of a Reeb orbit. 

Lemma 2.7. There exists an r-independent constant c such that if r is suf- 
ficiently large, then every nontrivial solution {A,iIj) to f[T^ satisfies £{A) > 
2ttLq and 

\csiA)\<cr''^^£{A)^/\ (23) 

Proof. The chain complex ECC^'^(Y, A, F, J) has no generators unless F = 0, 
in which case the only generator is the empty set of Reeb orbits. In particular, 
the pair (A, J) is Lo-flat. By (fT6|) . if r is sufficiently large then every nontrivial 
solution {A,ip) to (IT^ has £{A) > 2-kLq. Given this positive lower bound 
on the energy, the estimate (12^ now follows as in [21 Eq. (4.9)]. Note that 
it is assumed there that E{A) > 1, but the same argument works as long as 
there is a positive lower bound on E{A). □ 

Now fix a positive number 7 such that 7 < 6/4. 
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Lemma 2.8. For every integer j there exists p>0 such if r > p and {A,ip) 
is a nontrivial irreducible solution to fll2p of grading —j, then 

\cs{A)\<r^-^£{A). (24) 
Proof. Fix j. Let {A,iIj) be a nontrivial solution to ( [T2|) of grading —j with 

\cs{A)\> r^~^S{A). (25) 

By Lemma 12.71 if r is sufficiently large then 

\cs{A)\ < cr^/^S{Ay/\ (26) 

Combining f l25|l with fl26|) . we conclude that £^(A) > c'^r^"^"^. Using fl25!) 
again, it follows that 

\csiA)\ > c-h^-^\ 

But this contradicts Proposition 12.21 when r is sufficiently large with respect 
to j, since 5 > 47. □ 

Proof of Proposition \2.(A Choose Lq > c„{Y, A) and let (Ai, Ji) be an Lo-flat 
approximation to (A, J). For r large, define fi{r) to be the infimum over L 
such that the class a is in the image of the map (|T8l) . We first claim that 



lim(/i(r)-c,(F,A)) = 0. (27) 

r— >oo 

This holds because for every L < Lq which is not the symplectic action of 
an ECH generator, in particular L 7^ Ccr{Y,X), if r is sufficiently large that 
the isomorphism (fT7|) is defined, then the class a is in the image of the map 
([THD if and only if L > c^{Y, A). 

Next define /(r) for r large to be the infimum over L such that the class 
a is in the image of the inclusion-induced map 

™;(F,S5,r,A, J,r) ^ HM*{Y,5^^r). (28) 
It follows from [Til Lem. 3.4(c)] that 

hm (/(r)-/i(r)) = 0. (29) 

r— >oo 

By fl27|) and fl29l) . to complete the proof of Proposition 12.61 it is enough 
to show that 

lim (Sair) - 2nf{r)) = 0. (30) 

r— ^00 
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To prepare for the proof of (1501) . assume that r is sufficiently large so 
that Lemma [2.71 is applicable and Lemma 12.81 is applicable to j = —gr{a). 
Also assume that r is sufficiently large so that all nontrivial Seiberg-Witten 
solutions in grading gr{a) are irreducible and have positive energy. Let {A, ip) 
be a nontrivial solution in grading gr{a). Then 

T{A,^) = ^{cs{A)-rS{A)) + e,{A). 

By [14k Eq. (4.2)] and Lemma [2. 7[ we have 

\e^{A)\<K£iA) (31) 
where k is an r-independent constant. The above and Lemma [2^8] imply that 

(1 - r"^ - 2Kr-^)S(A) < —J^(A, ^) < (1 + r"^ + 2i^r-^)S(A). (32) 

r 

Also, it follows from the construction of the trivial solution in [15] that 



hm S{At„,) = lim ^('^^r^v,^tr^.) ^ ^ ^33^ 
r— >oo r— >oo f 

Now ( 130|) can be deduced easily from ( 132|) and (!33l) . The details are as 
follows. Fix e > and suppose that r is sufficiently large as in the above 
paragraph. By the definition of f{r), the class a is in the image of the 
map ( l28l) for L = f{r) + e. Also, if r is sufficiently large, then by ( l32ll 
and fl33|) . and the fact that L has an upper bound when r is large by f l27|) 
and ( l29l) . if = X^jX^i?"^*) is a cycle in CMl representing the class a, then 
—2J^{Ai,il)i)/r < 2Tr{L + e) for each i. Consequently —2J^^{r)/r < 27r(L + e). 
By ( 132|) and ( l33l) again, if r is sufficiently large then £a{r) < 2n{L+2e), which 
means that ^^o-(r) < /(r) + 3e. 

By similar reasoning, if S^{r) < f{r) —e, then if r is sufficiently large, the 
class a is in the image of the map (!28|) for L = f{r) — 6/2, which contradicts 
the definition of /(r). □ 



2.7 Proof of the upper bound 

Proof of Proposition \2.1\ The proof has six steps. 

Step 1: Setup. If cr G ECH^.{Y,^,V) is a nonzero homogeneous class, 
let a G HM (F, s^^r) denote the corresponding class in Seiberg-Witten Floer 
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cohomology via the isomorphism ([2]). We can choose the absolute grading / 
on ECH(Y,^,T) so that the Seiberg-Witten grading of a is —I{<j) for all a. 
For Steps 1-5, fix such a class a and write j = I{cr). We will obtain an upper 
bound on Ccr{Y, A) in terms of j when j is sufficiently large, see fH5|) below. 

To start, we always assume that j is sufficiently large so that j > 0, the 
number Vj defined in (120]) satisfies rj > 1, Proposition 12.21 and Lemma [2.71 
are applicable to r > rj, Lemma [2.31 is applicable so that Vj > Sj, and the 
trivial solution (Atrivy'iptriv) does not have grading —j. 

Fix a max-min family {A^{r),ilj^{r))ry.sj for a as in §2.5[ For r > sj define 

£{r) = Sa{r)=£iAair)), 
cs(r) = cs(A^(r)), 

„(,) = -H^£M = - - ?£AMr)l, (34) 

r r r 

It follows from Lemma [231 that v{r) is continuous and piecewise smooth, and 

dv cs{r) 



dr 

By Proposition 12.2! we have the key estimate 



(35) 



-3 + 4^c^(^) 



< Kr^-^ (36) 



whenever r > rj. Here we are using the fact that Lemma [2731 is applicable, so 
that the solution {Aa{r),ipa{r)) is irreducible, so that gr{Aa{r),ipa{r)) = —j. 

Define a number r = r^- as follows. We know from Lemma [2.8! that if r is 
sufficiently large then 

\cs{r)\<r^-^£{r). (37) 

If ([37|) holds for all r > rj, define r = rj. Otherwise define r to be the 
supremum of the set of r for which (1371) does not hold. 
Step 2. We now show that 

limsup£^(r) < v{f)g{f), (38) 

where 



= 1^^(137=73^;^ ) ' (39) 
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and K is the constant in fl31l) . Here and below we assume that j is sufficiently 
large so that 1 — rj'^ — 2KrJ^ > 0. 

To prove fl38|) . assume that r > f. Then by fl34|) . f l37|) . and fl3T|) . as in 
f p2|) . we have 

£(r) < i -t;(r). (40) 

Also t;(r) > 0, since r > 1. By (jnSD, dSZl) and (HO]) we have 



< r-^-'Sir) < "^-^ -vir) < ""-^ -vir). 



Dividing this inequality by v(r) and integrating from r to r gives 
In ( < \ If-i _ ^-7) < 



y{f) J ~ {1 - f-^ - 2Kf-^) ^ 7(l-f-T-2Kf-i) 
Therefore 

v{r) < v{f)g{f). 

Together with f HOl) . this proves ( 138|) . 
Step 3. We claim now that 

v{f) < ^r^- vol(y, A) + Cif^-^. (41) 

Here and below, Ci, C2 . . . denote positive constants which do not depend on 
o" or r, and which we do not need to know anything more about. 
To prove fHTl) . use fl35l) and fl36|) to obtain 



dv ^ 47r2(j + iTr^--^) 
dr ~ 

Integrating this inequality from Tj to f and using j > 0, we deduce that 



, , 4vr2j 4vr2j 4vr2^(fi-^-r]-^ 

f (r) - v[rA < \ ; — 

Tj r 1 — 



(42) 



Also, by dal]), ([36]), (EH), and Lemma [231 we have 

1 A7v^(-j + Kr^-^) + 2k 
v{rj) < -r, vol(r. A) + C + — 



1 47r^7 
<-r,vol(y,A) ^- + C,r]-'. 



(43) 



17 



Adding and gives dH]). 

Step 4- We claim now that if j is sufficiently large then 



1 



f<C4rJ-'\ (44) 

To prove this, by the definition of f, if f > rj then there exists a number 
r slightly smaller than f such that |cs(r)| > r^^'^S{r). It then follows from 
Lemma 12.71 that 

Therefore 

^2-47 < c^r^-i£(^r) < c^\cs{r)\. 
By (l36l) and the definition of in fl20|) . we have 

c^\cs{r)\ < C^r^ + Cy-^. 

Combining the above two inequalities and using the fact that r can be arbi- 
trarily close to f, we obtain 

Since 5 > 47 and f > — )■ 00 as j — > 00, if j is sufficiently large then 

- 2 

Combining the above two inequalities proves ( l44l) . 

Assume henceforth that j is sufficiently large so that (l44l) holds. 
Step 5. We claim now that 

c.(F, A) < ^r, vol(F, A)^?(f) + C7rj-^ (45) 

where i/ = 1 - > 0. 

To prove (j45|l . insert (jH]) into fj4T|) to obtain 

v{f) < ^r, vol(F, A) + Csr}-^ 
2 

The above inequality and (l38ll imply that 

limsup£^(r) < | -r^ vol(F, A) + Csrj^'' j 5f(f) 
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It follows from this and Proposition 12.61 that fl45p holds. 

Step 6. We now complete the proof of Proposition 12.11 by applying 
to the sequence {(Jk] and taking the limit as — )■ oo. 

Let ik = I{(Jk) and = f^f.. It then follows from f l45|) and the definition 
of the numbers rj^, in fl20|) that for every k sufficiently large, 



I{ak) - (167r2)-ir|^vol(r,A) -4"'^ ^ ^ 

_ vol(r,A)(7(ffc)2 + Cnr-; 
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By hypothesis, as — t- oo we have jk — ?■ C)0, and hence > rj^. — )■ oo. It 
then follows from (139|) that limfc^oo fi'(^A:) = 1- Putting all this into the above 
inequality proves (|9]). □ 



3 The lower bound 



In this last section we prove the following proposition, which is the lower 
bound half of Theorem 11.31 

Proposition 3.1. Under the assumptions of Theorem \1.3[ 

lim inf ^'"^^^^^^^ > vol(y. A) . (47) 

In §3.11 we review some aspects of ECH cobordism maps, and in §3.21 we 
use these to prove Proposition 13. 1[ 



3.1 ECH cobordism maps 

Let A+) and (YL, A_) be closed oriented three-manifolds, not necessarily 
connected, with nondegenerate contact forms. Following [5J , define a "weakly 
exact symplectic cobordism" from A+) to (F-, A_) to be a compact sym- 
plectic four- manifold (X, w) with boundary dX = — Y^, such that the 
symplectic form u is exact on X, and u\y^ = dX±. 

It is shown in |5l Thm. 2.3], by a slight modification of ^11^ Thm. 1.9], 
that a weakly exact symplectic cobordism as above induces a map 

oo) : ECH^{Y+, A+, 0) — > ECH^{Y_, A_, 0) 
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for each L G M, defined by counting solutions to the Seiberg-Witten equa- 
tions, perturbed using on a "completion" of X. 

More generally, let A G H2{X,dX), and write dA = r+ — r_ where 
r± G Hi{Y±). Suppose that u has a primitive on X which agrees with A± 
on each component of Y± for which the corresponding component of r± is 
nonzero. Then the same argument constructs a map 

^^{X, w. A) : ECH^{Y+, A+, 1+) — y ECH^{Y_, A_, r_), (48) 

defined by counting solutions to the Seiberg-Witten equations in the spin-c 
structure corresponding to A. As in [51 Thm. 2.3(a)], there is a well-defined 
direct limit map 

HX,oj,A) = hm ^\X,oj,A) : ECH{Y+,^+,T+) ECH{Y^,^,,T.), 

(49) 

where ^± = Ker(A-i-). 

The relevance of the map fHU]) for Proposition 13.11 is that given a class 
a+ G ECH{Y+,^+,T+), if a_ = <l>(X,w,A)a+, then 

c.+ (F+,A+) >c._(r_,A_). (50) 

The inequality (!50|) follows directly from (149|) and the definition of in 
§1.H cf. [5l Lem. 4.2]. Here we interpret Ca = — oo if a = 0. By a limiting 
argument as in [5, Prop. 3.6], the inequality ( 150|) also holds if the contact 
forms X± are allowed to be degenerate. 

The map fHSl) is a special case of the construction in [7] of maps on ECH 
induced by general strong symplectic cobordisms. Without the assumption 
on the primitive of u, these maps can shift the symplectic action filtration, 
but the limiting map fH9l) is still defined. 

For computations we will need four properties of the map (1491) . First, if 
X = {[a,b] X Y, d{e'^X)) is a trivial cobordism from [Y, e^A) to {Y, e"A), where 
s denotes the [a, b] coordinate, then 

$(X, uj, [a, 6] X r) = idECH(Y,^,r) ■ (51) 

This follows for example from fTTl, Cor. 5.8]. 

Second, suppose that (X, u) is the composition of strong symplectic 
cobordisms (X+,u;+) from (F+, A+) to (Yq, Xq) and (X_,u;_) from (Yq, Xq) 
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to (y_,A_). Let To G HiiYo) and let A± e H2{X±,d±X±) be classes with 
dA+ = r+ - To and dA_ = Tq - r_. Then 

^X.,LU.,A.)o^X+,Lu+,A+)= J2 (52) 

A\x±=A± 

This is proved the same way as the composition property in [Hi Thm. 1.9]. 
Third, if X is connected and Y± are both nonempty, then 

^{X,uj,A)oU+ = U^o^{X,uj,A), (53) 

where U± can be the U map associated to any of the components of Y±. This 
is proved as in [5l Thm. 2.3(d)]. 

Fourth, since we are using coefficients in the field Z/2, it follows from the 
definitions that the ECH of a disjoint union is given by the tensor product 

ECH{{Y, U {¥', e'), r © r') = ECH{Y, ^, T) ® ECH{Y', r, T'). (54) 

If {X,co) is a strong symplectic cobordism from (K|_, A+) to (F_,A_), and if 
{X',uj') is a strong symplectic cobordism from (F[,A'_,_) to {Y!_,X'_), then it 
follows from the construction of the cobordism map that the disjoint union 
of the cobordisms induces the tensor product of the cobordism maps: 

$((X, u) U (X', uj'),A® A') = ^{X, 00, A) ® <I>(X', w'. A'). (55) 

3.2 Proof of the lower bound 

Proof of Proposition \3.1[ The proof has four steps. 

Step 1. We can assume without loss of generality that 

f^crfc+i = crfc (56) 

for each k > 1. To see this, note that by the isomorphism ([2]) of ECH 
with Seiberg-Witten Floer cohomology, together with properties of the latter 
proved in Lemmas 22.3.3, 33.3.9], we know that if the grading * is 
sufficiently large, then ECH^{Y,^,V) is finitely generated and 

U : ECH,{Y, F) ECH,^2(Y, ^, F) 

is an isomorphism. Hence there is a finite collection of sequences satisfying 
fl56|) such that every nonzero homogeneous class in ECH{Y,C,,T) of suffi- 
ciently large grading is contained in one of these sequences (recall that we 
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are using Z/2 coefficients). Thus it is enough to prove (H7|) for a sequence 
satisfying Furthermore, in this case ( H7|) is equivalent to 

lim inf ^"^^y^^^" > 2 vol(F, A) . (57) 

fc— >oo /c 

S'tej* ^. When (y, A) is the boundary of a Liouville domain, the lower 
bound (1571) was proved for a particular sequence {ak} satisfying ( 156|) in [5l 
Prop. 8.6(a)]. We now set up a modified version of this argument. 

Fix a > and consider the symplectic manifold 

([-a,0] xY,uj = d{e'X)) 

where s denotes the [—a, 0] coordinate. The idea is that if a is large, then 
([— a,0] X Y,u) is "almost" a Liouville domain whose boundary is {Y,X). 

Fix e > 0. We adopt the notation that if r > 0, then B{r) denotes the 
closed ball 

B{r) = {z eC^ \ ttI^P < r}. 
Choose disjoint symplectic embeddings 

{(fii : B{ri) [-a,0] x Y}i=i,...,N 
such that {[—a, 0] x Y)\ L\iipi{B{ri)) has symplectic volume less than e. Let 

N 

X = {[-a,0] xY)\\Jmt{^,{Bin))). 

i=l 

Then {X, u) is a weakly exact symplectic cobordism from {Y, A) to {Y, e~"A)U 
I \^ 1 dBivj). Here we can take the contact form on -Bfr,) to be the restriction 
ofThe l-form i Y^UMv. " y.i-.) on we omit thi= from the notation. 
Note that there is a canonical isomorphism 

H2{X,dX) = H^{Y). 

The symplectic form a; on X has a primitive e'^A which restricts to the 
contact forms on the convex boundary (F, A) and on the component {Y, e~°'X) 
of the concave boundary. Hence, as explained in §3.H we have a well-defined 
map 

$ = $(X, T) : ECH{Y, ^, F) ECH ( (y, U [J dB{n), (F, 0, . . . , 0) 



1=1 



(58) 
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which satisfies (ISUi) . By (13^ . the target of this map is 

(n \ n 

{Y, U □ dB{n), (r, 0, . . . , 0) = ECH{Y, e, r)®(g) ECH{dB{n)). 
i=l / i=l 

Let f/o denote the U map on the left hand side associated to the component 
Y, and let Ui denote the U map on the left hand side associated to the 
component dB{ri). Note that Uq or Ui acts on the right hand side as the 
tensor product of the U map on the appropriate factor with the identity on 
the other factors. By (153!) we have 

^U^a) = U^a) (59) 

for all a G ECH{Y, ^, T) and for alH = 0, . . . , iV. 

Step 3. We now give an explicit formula for the cobordism map $ in (158|1 . 

Recall that ECH{dB{ri)) has a basis {Cfc}fc>o where Co = W\ Ui(k+i = 
(k. This follows either from the computation of the Seiberg-Witten Floer 
homology of 5*^ in or from direct calculations in ECH, most of which 
are explained in [TOl Ex. 4.2]. We can now state the formula for $: 

Lemma 3.2. For any class a G ECH(Y,C,,T), we have 

fc>0 fci+...+fc]v=fc 

Note that the sum on the right is finite because the map Uq decreases 
symplectic action. 

Proof of Lemma WM, Given cr, we can expand as 

$(a)= ^ ak„...,k^®Ck,®---®Ck^ (60) 

A;i,...,fcjv>0 

where aki,...^kN ^ ECH(Y,C,,T). We need to show that 

ak,,...,k^ = U^'^-^'-a. (61) 

We will prove by induction on k = ki -\ — ■ + kjy that equation (ET]) holds for 
all a. 
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To prove fl6ip when = 0, let X' denote the disjoint union of the trivial 
cobordism {[—a — l,a] x y, (i(e'*A)) and the balls B{ri). Then the composi- 
tion X' o X is the trivial cobordism {[—a — 1, 0] x Y, d{e^X)) from {Y, e'*') to 
{Y,e~"'~^X). Now each ball B{ri) induces a cobordism map 

^Bir,) : ECH{dB{ri)) Z/2 

as in (09]). By ([55]) and dSH) we have 

<I>(X', r) = idECH{Y,i,r) ®^'B(ri) ® ■ ■ ■ ® ^'B(rjv)- 

It then follows from ( 15T|) and the composition property fl52l) that 
a = (<l>(X',r)o$)(a)) 

AT 

= ^ 0'fci,...,fcjv ^'^B(n)(CfcJ• 
fcl,...,fc]v>0 i=l 

Now $B(ri) sends Co to 1 by [51 Thm. 2.3(b)], and Cm to for all m > by 
grading considerations (the corresponding moduli space of Seiberg-Witten 
solutions in the completed cobordism has dimension 2m). Therefore a = 
<7q q as desired. 

Next let /c > and suppose that (1^ holds for smaller values of k. To 
prove ([SI]), we can assume without loss of generality that ki > 0. Applying 
t/i to equation ( 160]) and then using equation ([59]) with i = 1, we obtain 

<7fcl,...,fcjv = (^0Cr)fei-l,fc2,...,fcjV 

By inductive hypothesis, 

{Uo(7)k^^i,k2,...,kN = UQ'^{Uoa). 
The above two equations imply ([6T]) . completing the proof of Lemma [3l2l □ 

Step 4- We now complete the proof of Proposition 13. II Let {crA:}fe>i be a 
sequence in ECH{Y,^,T) satisfying (156]) . By ([50]) we have 

c.,(r. A) > c^(.,) ( (r, e-'^A) U [J dB{r,)] . 
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By Lemma [3.21 and Eq. (5.6)], we have 

/ N 

c^^^,)i{Y,e-'^X)u\JdB{r 
\ i=i 

Since U'^'^ak = (Xi 7^ 0, it follows from the above equation and inequality 
that 

N 

c.,(F,A) > max V c^,^ (9i?(r,)). (62) 

i=l 

Now recall from [5] that Theorem 11.31 holds for B[r). In detail, we know 
from [5j Cor. 1.3] that 

CCuidB{r)) = dr 
where d is the unique nonnegative integer such that 

d^ + d , d^ + 3d 

< A; < . 

2 - - 2 

Consequently, 

^.^ cc,{dB{r)) ^ ^ 4vol(fi(r)). (63) 

fc— >-oo /c 

It follows from (162|) and (1631) and the elementary calculation in [5l Prop. 
8.4] that 

liminf ^^^^^^^ > 4 Vvol(5(ri)). (64) 

fc— s>oo k 

1=1 

By the construction in Step 2, 

AT 

^vol(5(ri)) > vol([-a,0] x Y,d{e'X))-e 

i=i (65) 

1 - e^'^ 

= r— V0l(F,A) 



Since a > can be arbitrarily large and e > can be arbitrarily small, (El 
and ( l65l) imply ( 1571) . This completes the proof of Proposition 13.11 □ 
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